We report experimental results of quantitative imaging in supersonic circular jets by using a monochromatic light probe. An expanding cone of light interrogates a three-dimensional volume of a supersonic steady-state flow from a circular jet. The distortion caused to the spherical wave by the presence of the jet is determined through our measuring normal intensity transport. A cone-beam tomographic algorithm is used to invert wave-front distortion to changes in refractive index introduced by the flow. The refractive index is converted into density whose cross sections reveal shock and other characteristics of the flow.
Introduction
One of the important experimental problems in fluid mechanics is quantitative flow visualization especially of high-speed or turbulent flows or both. Probing with light is the preferred method, for an optical probe does not disturb the flow. Examples of lightbased probes are the laser Doppler velocimeter and the particle image velocimeter. These methods measure the velocity vector field, pointwise by the laser Doppler velocimeter and two-dimensional ͑2-D͒ cross sections through the particle image velocimeter. The study of fluctuations of the longitudinal component of velocity has become the standard route to analyze a turbulent flow. Experimental data on fluctuations are used to verify the so-called Kolmogorov's refined self-similarity hypothesis. 1 The second quantity that is extensively studied to ascertain large-scale statistically meaningful average quantities from turbulent flows is dissipation fluctuations. 2, 3 A third quantity, which is not extensively studied for the same aim, is density and its fluctuations. The reason is not hard to see: Except in certain supersonic flows, in water, and in shocks, the flow usually has no density variations. But in situations in which there is density variation, as, for example, in the mixing of a low-density fuel ͑such as hydrogen͒ in high-density oxygen, measurement of 2-D or 3-D densities and their variations in time is important, for they can be used in a way similar to velocity fluctuations, to estimate coherent structures and their dynamics in turbulent flows.
The optical technique for measurement of density distribution in flows is tomography. It was used to visualize blade-tip vortices from a helicopter in flight 4 and quantitative cross-sectional measurements in a heated round jet emitting to cold air. 5 Crosssectional images through the flow at different downstream locations helped researchers to analyze the development of flow structure. 6 In optical tomography the travel time of a monochromatic light wave through a refractive-index distribution representing the flow is measured. An equivalent quantity, namely, phase of the wave, is measured at various angles of illumination, also called views. Phase is the so-called projection data, which are backprojected by use of standard tomographic algorithms such as the filtered backprojection or algebraic reconstruction technique. 7 The experimental measurement part of tomographic imaging is phase-or wave-front estimation, which is traditionally done in optics through inter-ferometry. 8 Noninterferometric methods, which are robust and not sensitive to vibration, are also developed for estimating phase data for optical tomography. 5, 9, 10 Many of the noninterferometric methods rely on measurement of wave-front slopes with, for example, a Hartmann sensor. Others depend on complete phase reconstruction from intensity measurements through analytical as well as iterative phase-retrieval algorithms. [11] [12] [13] One of the wavefront estimation methods, based on the transport-ofintensity equation ͑TIE͒ to retrieve phase from intensity measurements, 14 has been used recently to reconstruct refractive-index cross sections of fiber in a tomographic microscope. 15, 16 The advantages of the TIE-based wave-front estimation, in the context of tomographic imaging, are owed to unique ͑up to an arbitrary, additive constant͒ and unwrapped phase recovery possible from a straightforward experimental measurement of two intensities. In the present paper we use the TIE to estimate the phase of light transmitted through a supersonic jet, illuminated with a diverging cone beam. The TIE is solved with series-expansion methods 17 ͑Fourier harmonics when the wave front has a rectangular boundary and the Zernike polynomial for a circular boundary͒. The series-expansion method lends itself to an easily solvable equation under the assumption of constant transverse intensity, which we have borrowed to solve the TIE in this case. Without the assumption of constant transverse intensity, the TIE is solved with finite-element ͑FEM͒ discretization. The retrieved phase is used in direct 3-D reconstruction of refractive index with a standard cone-beam algorithm. 18 The reconstructed refractive index is converted into density with the Gladstone-Dale equation. 19 The organization of the rest of the paper is as follows. In Section 2 we describe phase retrieval through solving the TIE by using both Fourier harmonic expansion 17 and FEM discretization. In Section 3 the 3-D cone-beam reconstruction algorithm, which we have used in this paper, is described in some detail. Section 4 deals with the description of experiments done on a supersonic flow from a round jet. The data gathered are used in the TIE, and the retrieved wave front on display gives a visualization of the flow in which the internal structures are quite discernible. The estimated wave front is input to a tomographic reconstruction algorithm, and the cross sections of the reconstructed density distributions are presented and described. Section 5 describes in detail the results of density reconstruction. Finally, Section 6 gives our concluding remarks.
Phase Reconstruction with the Transport-of-Intensity Equation
The TIE is a coupled partial differential equation connecting axial transport of intensity ‫ץ‬I͞‫ץ‬z to the phase ͑x, y͒ across the transverse X-Y plane, which was first applied to phase retrieval by Teague. 20 The TIE is valid only under paraxial approximation to light propagation, which would mean that complex amplitude ũ ͑x, y, z͒ of monochromatic light could be approximated by 
where D mn is the projection of
by using the kernel
where a ϫ b is the rectangular domain under consideration and
can be inverted for ⌽ ij by use of
Invertibility of the matrix ͓A mn ij ͔ was verified, 17 but the procedure is expensive in terms of computation time. The above inversion procedure can be considerably simplified if we can assume that the transverse intensity is a constant in the domain of the problem. With I͑x, y͒ ϭ I 0 , we can simplify Eq. ͑1͒ as
and Eq. ͑3͒ simplifies to
The above simplification of treating I͑x, y͒ as a constant cannot be justified and can lead to error and averaging in the reconstructed phase. To have a faster reconstruction of the phase without the restrictive assumption of constant transverse intensity, we can use a FEM to solve the TIE. The boundary conditions used are either Dirichlet ͑or extended Dirichlet 22 ͒ or Neumann. In the FEM approach we seek a continuous piecewise linear approximation, p , to the unknown phase ͑x, y͒. The problem domain ⍀ is divided into elements ͑the simplest is triangular͒ that are joined at nodes, p is a linear approximation to ͑x, y͒, and p ͑r͒ at any point r inside the element can be found by interpolation of nodal values, ⌽ j .
For a particular element e j ,
where ⌿ i ͑r͒ are nodal shape functions. 22 The weak formulation of Eq. ͑1͒ by use of Galerkin's method requires the inner products of the residuals R͓ϭk͑‫ץ‬I͞ ‫ץ‬z͒ ϩ ٌ ⅐ ͑Iٌ p ͔͒ with the same basis functions to vanish. For example,
where N is the number of nodes.
With the Dirichlet boundary condition, Eq. ͑7͒ can be written as a linear system of equations, which in matrix form is
where
is the values of at the N nodes in the domain. Equation ͑8͒ is inverted for . In this paper we have formulated Eq. ͑8͒ with the help of the MATLAB partial differential equation toolbox and solved for , and ͑x, y͒ is obtained through interpolation. Here I͑x, y͒ is not assumed constant. With the simplifying assumption of I ϭ constant, Eq. ͑5͒ was used to solve for ⌽ i, j , the Fourier coefficients of ͑x, y͒.
Cone-Beam Tomographic Reconstruction of a Three-Dimensional Refractive Index from the Phase Data
The phase data calculated with the TIE is the projection data, from which the refractive-index distribution, which is the flow, can be reconstructed. A collection of line integrals through n͑ x, y, z͒, the 3-D refractive-index distribution, represents a view resulting in 2-D optical path ͑or projection͒ data. An optical path along a ray, ␦͑t Ϫ x ⅐ ͒, is given by
where x is the position vector ͑ x, y, z͒ and ϭ ͑sin cos , sin sin , cos ͒.
Here the light is assumed to travel along straight lines, which is not strictly valid because of refraction caused by density gradients in the flow. Refraction correction is incorporated in 2-D optical tomographic algorithms 23 and is considered necessary when density gradients are large. Because of the enormous computation time involved, to the best of our knowledge, refraction-corrected 3-D algorithms are not yet popular. In the present paper also, which attempts 3-D reconstruction, refraction is ignored at the expense of accuracy.
In x-ray tomography, the parallel-beam 3-D reconstruction problem is divided into a number of 2-D problems; the 2-D reconstructions are stacked to form a 3-D image. Stacking adversely affects the resolution in the direction of stacking in that light propagation is truly 3-D and cannot be confined to a plane. Because 2-D reconstructions in optical tomography are inherently defective, in this paper we attempt 3-D reconstructions by using the so-called cone-beam data. The cone beam has an additional advantage in that an expanding cone of light easily covers a larger volume of the object. In this sense, conebeam tomography is an extension to three dimensions of the well-known 2-D fan-beam tomography. 24 A line-integral travel-time data set is obtained on a divergent set of rays coming from a cone vertex. In cone-beam tomography this diverging line-integral data set ͑or cone-beam data͒ is inverted to get back a 3-D refractive-index distribution.
The simplest and computationally most efficient algorithm 27 and, independently, Smith, 26 gave vertex paths, which satisfy data sufficiency conditions for getting more accurate cone-beam reconstructions. Whereas the FDK algorithm uses a one-dimensional ramp filter on the data followed by backprojection ͑retaining the spirit and the simplicity of a 2-D filtered backprojection algorithm͒, the modified algorithms are based on a 2-D space-variant filtering of cone-beam data prior to backprojection. 28 Kudo and Saito 25 decomposed the complete vertex path into circle͑s͒, and, for the circles, a one-dimensional ramp filter of the FDK algorithm is retained. To ensure that the filtered data have no singularities, Noo et al. 29 modified Kudo and Saito's method so that the circle data are filtered by a 2-D space-invariant filter. These modified algorithms gave superior results when applied to simulated projection data.
In the present paper we have used the computationally simple FDK algorithm. The modifications of Refs. 28 and 29 are being implemented, and the improved reconstructions from experimental data are set apart for future publications. The summary of the FDK algorithm is given below.
As already mentioned, for the FDK algorithm, the source trajectory is a circle that surrounds the object ͑Fig. 1͒. A number of projections are obtained on the detector plane for different locations of the source vertex. The FDK algorithm implements a number of generalized fan-beam filtered backprojections, after dividing the cone-beam data into sets of fan-beam data. In the FDK algorithm, only that cross section of the object that contains the source trajectory is reconstructed with the best possible accuracy. As one moves away from this plane into other tilted fan beams, the reconstruction error for those cross sections increases.
The formula used in the FDK algorithm to reconstruct the refractive-index distribution n͑r͒ from the optical path delay data,
Here P are the scaled and filtered optical path values for a view angle . Scaling of the optical path is done by multiplication of a geometric factor SO͞SD, where SO is the distance between the source and the object center and SD is the distance from the source to the respective detector points. Filtering is done along the rows of the projection data with the SheppLogan filter. 30 The unit vector x is along the rotated X axis ͑shown as X in Fig. 1͒ , and r is the position vector of the point at which the refractive index n͑r͒ is calculated. The detector coordinates are Y d ͑r͒ and Z d ͑r͒, where r, the position vector of a typical point in the object, is explicitly shown in Fig.  1 to indicate the contribution of data to the reconstruction of the object refractive index at r. The algorithm has three main steps: ͑1͒ scaling the optical path difference data, ͑2͒ one-dimensional ramp filtering, and ͑3͒ 3-D backprojection after a second scaling ͕by factor SO
͔͖.
Further details of the implementation of the FDK algorithm can be found in Refs. 7 and 18.
Experiment

A. Imaging Assembly
The object, which is an expanding supersonic jet of nitrogen into atmosphere, was illuminated by a cone beam of light. The experimental setup is shown in Fig. 2 .
Monochromatic light from a blue LED ͑ ϭ 474 nm͒ is expanded and collimated with a collimating lens L 1 . By moving the lens toward the beam expander, we obtained a suitably expanding cone beam to illuminate the object O. The lens L 2 is an auxiliary lens, which, along with the imaging lens of the CCD camera, images the plane I immediately behind the object, which is designated as plane z ϭ Ϫ⌬z͞2. The CCD camera is in a translational stage through which it can be moved axially for imaging a plane at z ϭ ⌬z͞2 ͑designated plane II͒, behind the first plane z ϭ Ϫ⌬z͞2. We used a grating at z ϭ 0 to effectively focus the CCD camera onto this plane, which was subsequently removed during data collection.
B. Description of the Flow
An overexpanded supersonic jet of nitrogen flowing into the atmosphere produced significant density gradients downstream, with a number of axially symmetric shock-cell structures. The gas at pressure 4 ϫ 10 6 Pa is expanded by use of a convergent- divergent nozzle with a throat diameter of 5 mm and an exit diameter of 10 mm, which resulted in nitrogen exiting the nozzle at supersonic velocities ͑Mach number approximately 2.9͒. The overexpanded jet has characteristic diamondlike shock structures with axially symmetric discs separating them. The objective of the imaging system is to get quantitative estimation of the density in these structures.
C. Description of the Experiment
To generate a cone beam to illuminate the flow, we move the collimating lens L1 ͑Fig. 2͒ away from its position of collimation, toward the source. A spherical beam of radius of curvature 29.3 cm falls on plane I ͑z ϭ Ϫ⌬z͞2͒. This is experimentally verified by our reconstructing the wave front in the absence of the object ͑Fig. 3͒. Two intensities were captured, one at plane I and the other at plane II ͑z ϭ ⌬z͞2͒, first with the flow and then without the flow. The axial derivative of intensity ‫ץ‬I͞‫ץ‬z is calculated as I͑ x, y, ⌬z͞2͒ Ϫ I͑ x, y, Ϫ⌬z͞2͒ ⌬z , and the average intensity is calculated as
We plugged the collected data I and ‫ץ͞‪I‬ץ‬ z into the TIE ͓Eq. ͑1͔͒ and solved for the phase ͑x, y͒, by considering first that I͑x, y͒ is constant ͓i.e., by using Eq. ͑5͔͒ and then by using the FEM without the restrictive assumption of constant transverse intensity. The distorted wave front coming through the object is also reconstructed. The distorted wave front is shown in Fig. 4 . Some typical cross sections of the reconstructed phase ͑or wave front͒ obtained with and without flow are shown in Fig. 5 . From the reconstructed phase distributions, 0 ͑x, y͒ for the background and ͑x, y͒ when the object ͑i.e., the flow͒ is present, the differential phase change introduced by the flow ⌬͑x, y͒ is evaluated. The intensity image of ⌬͑x, y͒, which provides a qualitative visualization of the flow, is shown in Fig. 6 . It should be pointed out that the retrieved phase from the TIE is already unwrapped and is correct within an arbitrary constant. The way to ascertain this constant is through a priori specifying phase at the boundaries.
Results and Discussion
The simplifying assumption we make in the reconstruction is that flow from the round jet has cylindrical symmetry so that we can work with one projection data set, representative of all projections when the cone vertex moves in a circle around the flow. The Fig. 3 . Surface plot of the phase data obtained for a spherical wave front in the absence of the flow. These data are also used for calculating the radius of curvature of the spherical wave front. differential phase ⌬ reconstructed is assumed to be zero in the background, which is unaffected by the flow. The reconstructed ⌬n͑r͒ is added to the refractive index of air at the ambient temperature, 28°C ͑n air͑28°C͒ ϭ 1.00028͒, to get the refractive-index distribution n͑r͒ of the flow. The n͑r͒ is converted into density ͑r͒ with the Gladstone-Dale equation 19 :
where G͑͒ ϭ 2.2244 ϫ 10
is in kilograms per cubic meter, and is the wavelength of light used in micrometers.
Typical axial cross sections ͑i.e., X-Z planes͒ of the density distributions, which are taken approximately at the centers of the first three shock cells, i.e., ͑a͒ y ϭ 0.436 cm, ͑b͒ y ϭ 1.823 cm, and ͑c͒ y ϭ 3.211 cm, are shown in Fig. 7 . Column ͑i͒ corresponds to phase data recovered assuming uniform transverse intensity, and column ͑ii͒ corresponds to phase data recovered without the assumption of uniform intensity. The maximum density in the shock cells drops as the flow goes away from the nozzle tip, and the shock cells gradually disappear.
The longitudinal cross sections ͑i.e., X-Y planes͒ are shown in Fig. 8 , giving, as before, densities ͑col- umn i͒ assuming constant transverse intensity and ͑column ii͒ without this assumption. The diamondlike cells of higher density can clearly be seen. The value of the maximum density in the cells varied from 2.321 ͑nearest to the nozzle͒ to 2.037 kg͞m 3 ͑farthest from the nozzle͒ for ͑a͒ the cross section at z ϭ Ϫ0.5 cm, from 2.382 to 2.191 kg͞m 3 for ͑b͒ the cross section at z ϭ 0 cm, and from 2.309 to 1.991 kg͞m 3 for ͑c͒ the cross section at z ϭ 0.5 cm. Closer examination of the results of Figs. 8͑i͒ and 8͑ii͒ reveal that fine structures are present near the shock edges in the images obtained without the assumption of uniform transverse intensity as compared with the results obtained with this assumption.
To verify the accuracy of the reconstructed densities, we have carried out an additional experiment with the flow obstructed by a conical structure with a half-cone angle of 30°kept at approximately 3 mm from the nozzle exit. An image of the reconstructed phase is shown in Fig. 9 . The oblique shock formed is seen, and the shock angle is measured as approximately 46°. With additional data that the Mach number of the nozzle is 2.9, the density ratio of the regions behind and after the shock is calculated 31 as 2.42. From the experimental result of Fig. 9 , this ratio is found to be equal to 2.3.
The major assumption made in this study is the cylindrical symmetry of the flow. The errors due to this assumption can be avoided if phase data could be gathered for more views. This would call for the use of more cameras and their simultaneous operation.
Conclusions
Certain assumptions have been made while we carried out the present analysis, which would have affected the accuracy of the reconstructed density profile. In one of the methods for obtaining the phase data from intensity measurements, 17 the intensity is assumed to be not varying, which is not true in the cases considered here. The reconstructed phase with this assumption appears smoothened when compared with those for which this assumption is not made. In the second method of solving for the phase with the FEM, the intensity profile has been linearly fitted to nodal points to solve for the phase values at these nodal points. These nodal values are interpolated linearly within elements to obtain the phase at any desired point, which is only an approximate solution again. The Fourier-harmonics-based method should give us a more accurate phase reconstruction if Eq. ͑3͒, which does not restrict intensity to be constant, is used to get back the Fourier coefficients of the phase.
The 3-D cone-beam algorithm 18 used for reconstructing the refractive-index distribution from the phase data is mathematically accurate only for the reconstruction plane containing the source trajectory of the cone beam ͑it turns out to be the midplane in the FDK geometry͒. Other accurate algorithms, 28, 29 which give better reconstruction results for the points outside the midplane, at the cost of increased computation complexity, are being implemented. The straight-path assumption of the optical rays is another source of error. A computationally efficient 3-D ray-tracing algorithm, for the modification of the cone-beam reconstruction method, is required for solving this problem, which is under development.
The same set of projection data is used for all the views, which forces circular symmetry on the reconstructions, which need not be the case in the actual flow. In addition, in all the experiments we have assumed that the flow has attained a steady state while the data are gathered. Slight fluctuations from a steady state during data collection would corrupt the reconstruction. For situations in which flow has no circular symmetry, data should be gathered, preferably simultaneously, for a number of views all around the flow.
No attempt is made to correct for refraction suffered by the light ray in traveling through the high-gradient density distribution. Iterative reconstruction methods, 32 using ray tracing to implement forward propagation and the simultaneous algebraic reconstruction technique through curved rays for inversion, are used for refraction-corrected reconstruction of 2-D objects. For 3-D objects, ray tracing is computationally expensive. Such an iterative procedure with a modified cone-beam reconstruction procedure along curved rays is planned for a future study. Fig. 9 . Result of the experiment done for testing the accuracy of the reconstructions. A conical obstruction of a half-angle of 30°is introduced into the jet, and the density in the vicinity is reconstructed. The reconstructed density in the central plane is shown in the figure. Theoretically the oblique shock angle of 46°ob-tained with a cone of a half-angle of 30°corresponds to a density ratio of 2.42 across the shock. Tomographic reconstruction gave a density ratio to be approximately 2.3.
